Recently, it has been shown that the NS-NS corrections to the type II supergravity given by Gross and Sloan are invariant under the linear T-duality. In this paper, we study the invariance of this action under sequence of S-duality and linear T-duality to find the R-R corrections to the supergravity at order α ′3 , up to field redefinition.
Introduction
It is known that the type II superstring theory is invariant under T-duality [1, 2, 3, 4] and S-duality [5, 7, 6, 8, 9, 10] . The T-duality relates type IIA superstring theory compactified on a circle with radius ρ to type IIB superstring theory compactified on another circle with radius α ′ /ρ. It relates type IIA at weak (strong) coupling to type IIB at weak (strong) coupling. At low energy, this duality relates type IIA supergravity to type IIB supergravity. The S-duality, on the other hand, is a symmetry of type IIB superstring theory. It relates the type IIB theory at weak (strong) coupling to the type IIB at strong (weak) coupling. At low energy, this is the symmetry of type IIB supergravity. The higher derivative corrections to these supergravities should have the same properties. That is, the higher derivatives of type IIA supergravity should be related to the higher derivatives of type IIB supergravity under T-duality, and the higher derivatives of type IIB supergravity should be invariant under the S-duality.
The higher derivatives corrections to the supergravities start at order α ′3 [11] . For gravity, they involve couplings with structure R 4 where R refers to the Riemann, the Ricci or the scalar curvatures. For B-field, they involve couplings with structure (∂H) 4 , (∂H) 2 H 4 or H 8 . Similarly for dilaton and for mixed couplings. These higher derivative couplings appear in the contact terms of the corresponding string theory S-matrix elements at order α ′3 . For example, the couplings with structure H 8 appear in the contact terms of the Smatrix element of eight Kalb-Ramond vertex operators. The evaluation of this eight-point function and the extraction of its contact terms, however, are extremely difficult tasks. So one has to take advantage of the symmetries/dualities of the effective field theory to find such higher derivative couplings. Supersymmetry is able to determine all α ′3 -couplings up to field redefinitions [12, 13, 14, 15] . It can also fix the moduli-dependence of the type IIB theory [15] . In this paper, we are going to demonstrate that the T-duality and S-duality are also able to find all α ′3 -couplings and fix the moduli-dependence of the type IIB theory.
The Riemann curvature couplings at order α ′3 have been found in [11] by analyzing the sphere-level four-graviton scattering amplitude in type II superstring theory. The result in the eight-dimensional transverse space of the light-cone formalism, is a polynomial in the Riemann curvature tensors
where t {···} is a tensor in eight dimensions which includes the eight-dimensional Levi-Civita tensor [11] and dots represent terms containing the Ricci and scalar curvature tensors. They can not be captured by the four-graviton scattering amplitude as they are zero on-shell. There are two expressions in the literature for the Lorentz invariant extension of the above SO(8) invariant Lagrangian. One of them which is consistent with the sigma model beta function is the following [16, 17] :
where dots represent the specific form of the off-shell Ricci and scalar curvature couplings which reproduce the sigma model beta function [16, 17] . The sigma-model requires the Levi-Civita tensors in t 8 t 8 to appear in the action as the four Riemann curvature couplings ǫ 10 · ǫ 10 RRRR [16, 17] . This term has its first non-zero contribution at five gravitons [18] . It has been shown in [19] that the above Lagrangian is not consistent with the standard form of the T-duality transformations.
The other Lorentz invariant extension for the SO(8) invariant Lagrangian (1) has been given in [20] : It has been shown in [21] that, up to field redefinition, the difference between the above two Lagrangians is the couplings ǫ 10 · ǫ 10 RRRR. The B-field and dilaton couplings have been added to the above Lagrangian by extending the Riemann curvature to the generalized Riemann curvature [20] . The resulting Lagrangian is then invariant under standard linear T-duality transformations [22] . The above sphere-level gravity couplings can be extended to the S-duality invariant form by including the loops and nonperturbative corrections [23] - [39] .
The generalized Riemann curvature does not include the Ramond-Ramond (R-R) fields, so the above Lagrangian for the generalized Riemann curvature is not consistent with Sduality even at the sphere-level. In this paper, we are going to finds the couplings for the R-R fields by requiring the action to be invariant under both S-duality and T-duality. Consistency of D-brane effective action with T-duality and S-duality has been used in [40, 41, 42, 43, 44, 45, 46, 47] and [48, 49, 50] to find new couplings in the D-brane effective actions.
The outline of the paper is as follows: We begin in section 2 by reviewing the linear T-duality transformations. In section 3, we review the S-duality transformations. In section 4, we find the couplings of two Riemann curvatures and two R-R three-form field strengths by requiring the couplings with structure HHRR in (3) to be extended to the SL(2, R) invariant form. Then by applying T-duality on them we find couplings with structure F (n) F (n) RR for n = 1, 2, 3, 4, 5 . In section 5, we first find the couplings between two R-R three-form field strengths and two B-field strengths by requiring their consistency with the couplings found in section 4. In the course of this study we have used on-shell relations. Then by applying T-duality on them we find the couplings with structure F (n) F (n) HH. In section 6, we find couplings with structure F (n) F (n+2) HR. In section 7, we apply T-duality on the couplings found in section 6 to find the couplings with structure F (n) F (n+4) RR. We find that these couplings are zero, as expected. In section 8, we apply T-duality on the couplings found in section 6 to find the couplings with structure F (n) F (n+4) HH. In all sections, we make the couplings in the type IIB theory to be invariant under the S-duality. This permits us to find the couplings of four R-R field strengths, as well. In section 9, we briefly discuss our results.
T-duality
The full set of T-duality transformations for massless R-R and NS-NS fields in type II superstring theories has been found in [2, 51, 52, 53, 54] . The nonlinear T-duality transformations of the fields C and B are such that the expression C = e B C has a linear transformation under the T-duality [55] . When the T-duality transformation acts along the Killing coordinate y, these fields transform as:
where µ, ν denote any coordinate directions other than y. In above transformation the metric is given in the string frame. If y is identified on a circle of radius ρ, i.e., y ∼ y + 2πρ, then after T-duality the radius becomesρ = α ′ /ρ. The string coupling g = e φ 0 is also shifted asg = g √ α ′ /ρ.
We would like to study the T-duality of the α ′3 -order couplings of type II superstring theory which involve four massless fields, so we need the above transformations at the linear order. Assuming that the massless fields are small perturbations around the background, i.e.,
the transformations (4) take the following linear form for the perturbations:
The effective action at order α ′3 includes the Riemann curvature, the derivative of the B-field strength H = 1 2 dB and the derivative of the R-R field strength F = 1 2 dC . So we need the transformation of these fields under the linear T-duality. The transformation of the linearized Riemann curvature tensor when it carries zero, one and two Killing indices are, respectively, [19] 1 R abcd ↔ R abcd R abcy → −H aby,c /η yy ; H aby,c → −R abcy /η yy (7) R ayby → −R ayby /(η yy ) 2 where the linearized Riemann curvature and H are
where as usual the comma represents partial differentiation. The field strength H is also invariant when it carries no Killing index. The T-duality of the R-R field strength can easily be read from the transformations (6) to be
where we have used the fact that the fields are independent of the y-direction.
In a T-duality invariant theory, all the couplings in the dimensional reduction must be invariant under the above T-duality transformations. So to extend a coupling to a set of couplings which are invariant under linear T-duality, we first use the dimensional reduction to reduce the 10-dimensional couplings to 9-dimensional couplings, i.e., separate the indices along and orthogonal to y, and then apply the above T-duality transformations. If the original coupling is not invariant under the T-duality, one must add new terms to make them invariant.
S-duality
Unlike the T-duality transformations (4) which are given in string frame, the S-duality transformations of type IIB theory are properly defined in the Einstein frame , G s ab = G ab e Φ/2 . In this frame the metric and the R-R four-form are invariant. The B-field and the R-R two-form transform as doublet [56, 57] . Since the parameters of the duality are constant, their field strengths, i.e., H = dC, are also transformed as doublet,
The dilaton and the R-R scalar transform nonlinearly as τ → pτ +q rτ +s where the complex scalar field is defined as τ = C + ie −Φ . The matrix M defined in terms of the dilaton and the 1 The metric η yy = ρ 2 /α ′ . In [19] , the T-duality has been considered for the self-dual radius, i.e., η yy = 1.
R-R scalar, i.e.,
then transforms as [58] M → ΛMΛ T
The derivatives of this matrix also transform as above. The matrix N which is defined as
can be written as ΛN Λ T . Using these matrices and the transformation (10), one can construct different SL(2, R) invariant objects.
An SL(2, R) invariant object, in general, has more than one components. For example, H T M 0 H has the following components:
where the index zero in various fields refers to the constant background value of these fields. If one finds somehow one of the above tree-level components, then the requirement that it should be invariant under the S-duality gives all other tree-level components automatically.
In this paper we are going to find an action which is invariant under both T-duality and S-duality. One of the dualities is in the Einstein frame in which the dilaton appears and the other one is in the string frame in which the dilaton appears only through an overall factor. So the question is how to transform an S-duality invariant coupling, e.g., (14) , under T-duality? For the components which do not include the background R-R scalar, one has to simply move back to the string frame and apply the T-duality on them. For the components in which the nonzero C 0 appears, one has to transform them to zero coupling because the type IIB background with non-zero C 0 transforms to the type IIA with background C y 0 . However, the constant vector is gauged away by the the R-R gauge symmetry. Therefore, to apply T-duality on an S-duality invariant coupling, one should first set the background R-R scalar to zero and then move to the string frame to apply the standard T-duality transformations on it.
The S-duality of the Riemann curvature corrections to the supergravity has been studied in [23] - [39] . The Riemann curvature in the Einstein frame is invariant under the SL(2, R) transformations, and the overall dilaton factor which is not invariant under the SL(2, R) transformation has been extended to the non-holomorphic Eisenstein series E 3/2 (τ 0 ,τ 0 ) which is invariant under the SL(2, Z) transformations. In his paper, we will see that this structure appear for all other four-field couplings. That is, the couplings can be written as two factors. One factor is the series E 3/2 (τ 0 ,τ 0 ) which has the effect of loops and nonperturbative effects, and the other factor is the tree-level couplings which are invariant under the SL(2, R) transformations.
F
(n) F (n)
RR
The couplings of two Riemann curvatures and two identical R-R field strengths can be found by requiring the existing couplings in the literature to be consistent with S-duality and T-duality. The couplings of four NS-NS states in the Einstein frame have been found in [20, 21] 
where
, the Lagrangian L is given in (3) and the generalized Riemann curvature is [20] ,R 
where R abcd is the following expression
The dilaton appears only as the overall factor e −2φ 0 √ −G which is invariant under nonlinear T-duality. It has been shown in [22] that the Lagrangian L(R) is invariant under linear Tduality transformation (7) . The action (15) does not include the R-R fields so obviously it is not invariant under the S-duality. I this paper, we are going to find new couplings involving the R-R fields to make the above action invariant under both S-duality and T-duality.
The Lagrangian L has couplings with structures R 4 , H 4 and R 2 H 2 in the string frame. However, in the Einstein frame which is the appropriate frame for studying S-duality, this Lagrangian includes the couplings with structure
The R 4 couplings are invariant under the S-duality, however, all other terms must be combined with appropriate R-R couplings to be invariant under the SL(2, R) transformations. We begin by extending the couplings R 2 H 2 to S-duality invariant form to find the couplings of two Riemann curvatures and two R-R three-form field strengths in type IIB theory.
The couplings of two Riemann curvatures and two B-field strengths can be extended to the SL(2, R) invariant form by using the following replacement:
which produces new tree-level couplings. The overall dilaton factor in (15) is extended to the SL(2, Z) invariant non-holomorphic Eisenstein series E 3/2 (τ 0 ,τ 0 ) which produces the loops and nonperturbative effects [23] - [39] . To apply T-duality on the resulting S-duality invariant couplings, one should set the background R-R scalar to zero and move back to the string frame. One finds the following tree-level couplings between two Riemann curvatures and two R-R three-form field strengths 2 :
From one loop string amplitude, a representation for the R 2 (∂F (3) ) 2 couplings has been found in [59] which reproduces the above couplings, up to field redefinition. The field redefinition means the couplings involving the Ricci and scalar curvatures, as well as the divergence of the form-field strengths can be absorbed into supergravity by field redefinition involving these higher derivative terms [11] .
We now apply the T-duality transformations on the above couplings to find the new couplings for two R-R two-form field strengths and two Riemann curvatures in type IIA theory. To this end, we use the dimensional reduction on the above couplings and find the couplings with structure η yy F
is the R-R field strength which carries one Killing index and R is the Riemann curvature which carries no Killing index. Under the T-duality transformations (7) and (9) this structure transforms to η yy F (2) F (2) RR. The square root of the determinant of the metric √ −G also transforms as √ −Gη yy . So one finds the couplings which have no Killing index. The integral over the circle which gives 2πρ transforms to 2πα ′ /ρ. The ten-dimensional Newton constant κ 2 also transforms to
The result for all terms in (20) are the following:
The indices run over all directions except the y-direction and the fields are all independent of the y-direction. One of the integrals is also over the original circle with radius ρ. After using the T-duality, one assumes the fields depend on all directions and the indices run over all spacetime directions. Hence, the above couplings are the couplings of two Riemann curvatures and two R-R two-form field strengths that are predicted by T-duality.
It has been observed in [19, 61] that the S-matrix element of four NS-NS vertex operators at order α ′3 does not produce term which has zero or one Mandelstam variable k i ·k j . Using the S-dual and T-dual Ward identity of S-matrix elements [60] , one expects all four-point functions share this property. Using the above action, we have calculated the S-matrix element of two gravitons and two R-R one-forms and observed that the amplitude does not produce term with zero or one factor of the Mandelstam variable k i ·k j .
Using the above ten-dimensional couplings one can perform again the dimensional reduction on a circle and finds the couplings with structure η yy F
y F (2) y RR. Doing the same steps as above, one finds the following couplings between two Riemann curvatures and two R-R one-form field strengths in the string frame:
where we have used the fact that the two indices in the R-R field strength are symmetric, i.e., F q,r = 1 2
The above couplings are in type IIB theory, so one can extend them to the S-duality invariant forms. In the Einstein frame, one finds the overall dilaton factor to be e φ 0 /2 . This can be written as e −3φ 0 /2 × e 2φ 0 . The first factor is the dilaton factor which appears also in R 4 terms. This factor should be extended to the non-holomorphic Eisenstein series E 3/2 (τ 0 ,τ 0 ) after including the loops and nonperturbative effects. The second factor must be combined with the R-R fields to be extended to a SL(2, R) invariant form. Using the matrix M, one finds the following SL(2, R) invariant
Therefore, the S-duality invariant action is the following:
One can easily observe that the above action reproduces the couplings (22) . This action also produces the tree-level couplings between two Riemann curvatures and two dilatons
We have checked that the above couplings are exactly the φ 2 R 2 couplings in the action (15) . Therefore, the combination of the φ 2 R 2 couplings in (15) and the couplings (22) is invariant under the SL(2, R) transformations. There would be no new couplings by applying T-duality on (24) .
There have been no ambiguity in finding the couplings (21) and (22) from the dimensional reduction of (20) because the y-index does not appear in the T-dual couplings. However, in finding the couplings F (4) F (4) RR from (20) , the y-index appear in the T-dual couplings which makes the final couplings to be ambitious. In this case we need other information to find the couplings correctly. We will use the observation that the four-point functions has no term with zero and one Mandelstam variable [19, 61] , to fix the above ambiguity.
To find the couplings F (4) F (4) RR in type IIA theory from the type IIB couplings (20), we use the dimensional reduction on the ten-dimensional action (20) and keep the terms which have no y-index. Then under the T-duality (9) the R-R three-form field strength transforms to the four-form field strength with one y-index. As a result, one finds the couplings with structure η yy F
y F
y RR where the metric η yy is coming from the T-duality of √ −G. Then one can easily find the F (4) F (4) RR couplings in which the R-R field strengths contract at least once. This can be done by converting the y-index to complete spacetime index and taking into account the appropriate symmetry factor. To clarify the symmetry factor consider, for example, a coupling which has three contracted indices between the R-R field strengths. The symmetry factor is 1/3 for that term. The result for all couplings in (20) is
All terms except the last one are the couplings in which the R-R field strengths contract with each other. However, they are not the whole couplings between two R-R four-form field strengths and two Riemann curvatures. The F (4) F (4) RR couplings which have no contraction between the two R-R four-forms do not produce the couplings F (4) y F (4) y RR under the dimensional reduction. To find such couplings we should first use the Bianchi identity to find the independent ones. One observes that there are two independent couplings which have no contraction between the two R-R four-forms. One of them is the coupling in the last term of (26) and the other one is F trsp,q F mnhq,p R trhk R mnsk .
To implement the Bianchi identities, one may write the R-R field strengths and the linearized Riemann curvatures (8) in terms of the R-R potential and the metric fluctuation h µν , respectively. The symmetry of the metric fluctuation can be implemented by writing it as h µν = (ζ µ λ ν + ζ ν λ µ )/2 where ζ and λ are two vectors, and similarly the totally antisymmetry of the R-R three-form potential can be implemented by writing it as Slater determinant of three vectors. Then one may transform the couplings to the momentum space to find the independent ones. Using the fact that we are not interested in the couplings which can be absorbed by field redefinition of the supergravity, i.e., the couplings involve the Ricci and scalar curvatures and the divergence of the R-R field strength, one can use the on-shell relations k i · k i = 0 and k i · ǫ i = 0 where ǫ i stands for the polarization of the i-th field in the momentum space. Using conservation of momentum and these on-shell relations, one observes that even the above two independent terms are identical. We set the coefficient of one of them to zero and fixed the other one by requiring that the S-matrix element should not produce the terms which have zero or one Mandelstam variable k i ·k j [19, 61] .
Using the ten-dimensional action (26) , one can easily find the corresponding couplings for R-R five-form field strength. To this end, one uses the dimensional reduction and finds the couplings which have no y-index. They are given by the nine-dimensional form of the Lagrangian (26) . Under the T-duality (9) they produce the couplings with structure η yy F
y RR. Extending the y-index to complete spacetime index and taking the symmetry factors into account, one finds the following couplings in which the R-R field strengths contract with each other at least once:
In this case it is impossible to construct the coupling in which the R-R five-form field strengths have no contraction with each other. So the above couplings must be the correct couplings of two Riemann curvatures and two R-R five-form field strengths in the string frame.
These couplings are in type IIB theory so they can be extended to S-duality invariant forms. One has to again move to the Einstein frame. The dilaton factor in the Einstein frame becomes e −3φ 0 /2 which must be extended to the Eisenstein series E 3/2 , the Einstein frame Riemann curvatures and the R-R five-form field strength are also invariant under the SL(2, R) transformation. The S-duality invariant couplings produces no new tree-level couplings other than the couplings (27) . So T-duality on the S-duality invariant form of (27) would not give any new couplings.
HH
In this section we are going to find the couplings with structure F (n) F (n) HH and some of the four R-R couplings which are related to them. We begin by finding the couplings with structure F (3) F (3) HH in type IIB theory and then find all other couplings by using consistency with linear T-duality, as we have done in the previous section.
One may try to find the couplings F (3) F (3) HH by extending the H 4 couplings in (15) to the S-duality invariant form, using (14) . However, the result depend on which pair of H 2 extend to H T M 0 H. There are many different choices which result many different forms for the F (3) F (3) HH couplings. They all give, however, identical result for
couplings. Moreover, there are different S-duality invariant couplings which do not contain H 4 terms at all. The couplings with structure H T N HH T N H are invariant under the Sduality. They contain only couplings with structure F (3) F (3) HH. We are going to find the F (3) F (3) HH couplings by using linear T-duality on the couplings we have found in the previous section. The result should be the same as the couplings one finds by making the action (15) to be S-duality invariant.
Using the dimensional reduction on the couplings (26), we find the couplings with structure η yy η yy F
y R y R y . Under the T-duality they transforms to the couplings with structure F (3) F (3) H y H y . One may easily find the couplings F (3) F (3) HH in which the B-field strengths contract with each other. However, there are too many other terms in which the B-field strengths contract with the R-R three-form field strengths. On the other hand, the couplings F (3) F (3) HH must satisfy in fact four constraints:
1-They should produce the above couplings
2-They should produce the couplings F
y HH which are the transformation of the couplings F (3) F (3) H y H y under the S-duality.
3-They should produce the couplings F
y H y H y which are the transformation of the couplings in (21) with structure F (2) F (2) R y R y under the T-duality.
4-They should produce the couplings F
y F (3) HH y which are the transformation of the couplings with structure F (2) F
y HR y under the T-duality. We have found the couplings with structure F (2) F (4) HR in the Appendix from T-duality of the couplings (20 dB, and transforming the couplings to the momentum space. We have found that the constraint equations are not consistent with each other. In particular, the couplings can not satisfy the constraints 1 and 3 at the same time. We will discuss the reason for this inconsistency in the discussion section. However, if one uses the on-shell relations k i · k i = 0 and k i · ǫ i = 0, the number of independent variables decreases, e.g., k 1 ·k 2 = k 3 ·k 4 . This makes, for example, the couplings in the constraint 4 to be zero. Using the on-shell relations, one finds that the above constraint equations become consistent and give consistent relations between the unknown coefficients. Solving these equations one finds a set of couplings which have still some unknown coefficients. We then impose the condition that the S-matrix does not produce couplings with zero and one Mandelstam variable k i ·k j . This gives one extra relation between the coefficients. Using this relation, one finds interestingly a set of couplings in terms of the potentials B, C which have no unknown coefficients any more! That means if we consider the original couplings which are in terms of field strengths H, F , and use the relations between the coefficients that we have found, then the left over constants has to cancel themselves using the Bianchi identity and the on-shell relations. Therefore, the left over constant can be set all to zero. We have found the following result in the string frame: 
Since we have used the on-shell relations, there are many other couplings which involve the divergence of H and F in which we are not interested, because they can be absorbed in the supergravity by appropriate field redefinition.
To study the S-duality of the above couplings, one has to go to the Einstein frame. In this frame, one finds the overall dilaton factor to be e −3φ 0 /2 which is extended to E 3/2 in S-duality invariant form. Writing the above couplings in terms of potentials B, C, one observes that they are invariant under B → C, C → −B which is consistent with S-duality. However, as we mentioned before at the beginning of this section, there are ambiguities in writing the couplings in SL(2, R) invariant form. We leave this part for the future works.
Having found the couplings with structure F 
Here again the indices run over all directions except the y-direction and the fields are independent of the y-direction. After using the T-duality, one assumes the fields depend on all directions and the indices run over all spacetime directions. We have checked that the Fourier transform of the above couplings to the momentum space has no couplings with zero and one k i ·k j after using on-shell relations.
The couplings with structure F (1) F (1) HH can be found from the above couplings by using the dimensional reduction and finding the terms with structure η yy F
y HH. Then under T-duality they produce the following terms in the string frame:
In the Einstein frame they can be extended to the following S-duality invariant form:
The above action contains the following tree-level couplings of two B-field strengths and two dilatons in the string frame:
Using the on-shell relations, we have checked that the above couplings are exactly the H 2 φ 2 terms in (15) . So the H 2 φ 2 terms in (15) and the couplings (30) are two components of one SL(2, R) invariant set. This set (31) at zero axion background, i.e., C 0 = 0, includes also the couplings with structures 3) and φφF (3) F (3) at the tree-level. To apply T-duality on (31) one has to move back to the string frame in which the latter couplings and the H 2 φ 2 terms in (15) do not survive. It is difficult to find new couplings by applying Tduality on the couplings 3) in the string frame to find the couplings between higher R-R forms. We will find them later on by some other means.
To find the couplings F (4) F (4) HH in type IIA theory, we first consider F (3) F (3) HH couplings in (28) which carry no Killing index. Under T-duality they produce the couplings with structure F (4) y F (4) y HH. Using these couplings, one can easily find the couplings in which the R-R field strengths contract with each other. They are given by the couplings in the first five lines of the following equation:
The couplings in the last line has the structure that the R-R field strengths do not contract with each other. Using the Bianchi identity, one finds there are two such couplings, i.e., b1F hkmn,t F pqrs,t H hkp,q H mnr,s + b2F hkmn,t F pqrt,n H hkm,s H pqr,s . The unknown constants b1, b2 can be found by using the fact that S-matrix does not produce couplings with zero and one k i ·k j . This fixes these constants to be b1 = 0 and b2 = 4/9.
Under the dimensional reduction, the couplings F (4) F (4) HH which have no y-index are given by (33) . Under the T-duality they produce correctly the couplings η yy F
y F (5) y HH. Completing the y-index and taking into account the symmetry factors, one can easily find the couplings in which the R-R field strength contract with each other at least once. In the string frame, they are
There is no coupling in which the two R-R five-forms have no contraction with each other.
To extend the above couplings to the S-duality invariant form, we first transform the couplings to the Einstein frame in which the dilaton factor becomes e −5φ 0 /2 . This can be written as e −3φ 0 /2 × e −φ 0 /2 . The first factor must be extended to the Eisenstein series E 3/2 and the second factor combined with the B-field strengths must be written as SL(2, R) invariant form of H T M 0 H. The R-R five-form is also invariant under the S-duality. The S-duality invariant couplings at C 0 = 0 produce the couplings (34), as well as the similar couplings with structure
One can use another T-duality on the S-duality invariant form of (34) to find various new couplings between four R-R field strengths by performing the following simple steps. One can use the dimensional reduction on the above 3) couplings to find the couplings with structure F
y . Under T-duality (9) they then transform to the couplings with structure
without any ambiguity. Using the resulting couplings one may use the dimensional reduction to find the couplings with structure
y . Then under T-duality they transform to the couplings F
. Converting the y-index to a complete spacetime index and taking the symmetry factors into account, one finds the couplings with structure
without any ambiguity because it is impossible to have couplings in which the R-R five-forms do not contract with each other. Using the S-duality invariant extension of the two R-R one-form field strengths (23), one can then write the resulting couplings in an S-duality invariant form by adding the appropriate
Under the dimensional reduction of the couplings
, one may also consider the couplings with structure F
. Under T-duality (9) they transform to the couplings with structure
y . Then by converting the y-index to complete spacetime index and taking the symmetry factors into account, one can find the couplings with structure F (4) F (4) F (4) F (4) without ambiguity because all the R-R field strengths are identical, as a result, there would be no term in which the two R-R field strengths do not contract with each other.
The couplings with structure
can be found either by using T-duality on
y , or by making the H 4 couplings in (15) to be S-duality invariant. We already mentioned that it is ambitious in finding the SL(2, R) invariant form of the H 4 couplings, however, there is no ambiguity in finding
couplings, one can easily find the couplings with structure
. The latter couplings should be combined with the φ 4 couplings in action (15) and some F (1) F (1) φφ couplings to become invariant under the SL(2, R) transformations.
HR
Using the dimensional reduction on the couplings (33) in type IIA theory, one can find the couplings with structure √ −Gη yy F
y F (4) HH y . Under the T-duality transformations (7) and (9), they transform to the couplings with structure √ −Gη yy η yy F (3) F
y Hη yy R y in type IIB theory. They produce the couplings in which the five-form field strength contract with the Riemann curvature. They appear in the following action in the string frame:
The last term however, is a coupling which has no contraction between the five-form field strength and the Riemann curvature. There are some other such couplings. Without these terms the couplings are not consistent with S-duality. Since we are not interested in the Ricci curvature and the divergence of the B-field and the R-R field strengths, one may find the coefficients of such terms by imposing both the Bianchi identity and the on-shell relations. We have found that by adding the last term and using the on-shell relations, the couplings can be written in the SL(2, R) invariant form of H T N H.
In the Einstein frame, the dilaton factor is e −3φ 0 /2 which is extended to E 3/2 , the Riemann curvature and the R-R field strength are also invariant under the S-duality. The S-duality invariant couplings then produce only the couplings (35) at tree level. So the T-duality on them does not produce any new couplings. We have checked that the above couplings satisfy the condition that the couplings in the momentum space have no zero or one Mandelstam variable k i ·k j .
The couplings with structure F (2) F (4) HR in type IIA theory can be found from dimensional reduction of the above couplings. To this end, one should first find the couplings with structure √ −Gη yy F
y HR. Then under T-duality they transform to the couplings with structure √ −GF (2) F (4) HR. The result in the string frame is
There are no extra terms that has to be added. We have checked that the S-matrix element of the above couplings produces no term with zero and one factor of k i ·k j , as expected. There is a different representation for the couplings with structure F (2) F (4) HR in the Appendix which has been found from T-duality of the couplings (20) . That representation and the above representation are identical using the on-shell relations. So the difference between them are some terms which can be absorbed into supergravity by field redefinition. Doing the same steps as above, one finds the couplings with structure F
(1) F (3) HR in type IIB theory. In the string frame, they are the following:
In the Einstein frame, the dilaton factor is e −φ 0 /2 . This can be rewritten as e −3φ 0 /2 × e φ 0 . The first factor again is extended to E 3/2 . The second factor combined with the R-R one-form field strength, transforms as
in zero axion background, C 0 = 0, and at the linear order of quantum states. On the other hand, using on-shell relations we have checked that the amplitude is antisymmetric under the transformation
Therefore, the action (37) is consistent with the S-duality for the zero axion background. The S-duality invariant extension of the above couplings for nonzero C 0 are
where dotes refer to the other terms in (37) . For zero axion background, one finds
Therefore, the S-duality invariant action (40) produces the couplings (37) after using the on-shell relations. It also produces the couplings between one Riemann curvature, two twoform field strengths and one dilaton. The HHRφ couplings in (40) should be the same as the corresponding couplings in (15) after using the on-shell relations. In other words, the HHRφ couplings in (15) and the couplings (37) are two components of the above SL(2, R) invariant.
F
(n)
RR
The R-R fields in the supergravity are C (0) , · · · , C (4) . So there is only one possible value for n which is n = 1. To find F
(1) F (5) RR couplings, one has to use dimensional reduction on the couplings (36) and find the couplings with structure η yy F Under T-duality it becomes
Completing the y-index, one finds the coupling R hknr F mprsq,k F n,h R psmq which is zero using the antisymmetry of the R-R five-form and the symmetry of the Riemann curvature. So our calculation indicates that there is no coupling with structure
. This is what one expects because the supergravity does not produce massless pole for the scattering amplitude of one R-R scalar, one R-R four-form and two gravitons. So the corresponding S-matrix element in string theory is zero. As a result, there is no coupling
HH
To find F (1) F (5) HH couplings, one has to use dimensional reduction on the couplings (36) and find the couplings with structure η yy F
y F (4) HR y . Then under T-duality they transform to the couplings with structure F (1) F
y HH y . Using them one can easily find the couplings F (1) F (5) HH in which the R-R five-form contracts with H. In the string frame, they are given by
There is no possibility for the R-R five-form to have no contraction with H, so the above couplings must be the desired couplings.
In the Einstein frame, the overall dilaton factor is e −3φ 0 /2 which is extended to E 3/2 in the S-duality invariant couplings. The terms in the bracket must be extended to SL(2, R) invariant forms. The S-duality invariant form of the above couplings are
where dots refer to similar constructions for other terms of (42) . For zero axion background, one finds
So the S-duality invariant action (43) produces the couplings in (42) and the couplings with structure 3) . The terms corresponding to the second line above have structure F (5) F (3) Hφ. In the string frame these couplings should not survive. In fact, when transforming the Riemann curvature from Einstein frame to the string frame, one finds the second derivative of the dilaton. In transforming the Einstein frame couplings (35) to the string frame, one would find the above F (5) F (3) Hφ couplings with minus sign.
The non-zero couplings (43) are also consistent with the fact that the supergravity at order α ′0 produces massless poles for the scattering of one R-R scalar, one R-R four-form and two B-fields. So the corresponding S-matrix element in string theory is not zero. It should produce the couplings (43) at order α ′3 .
Discussion
In this paper we have studied the invariance of the NS-NS corrections to the supergravity found by Gross and Sloan [20] under S-duality and T-duality to find new couplings in the supergravity at order α ′3 which involve R-R fields. The new couplings satisfy these dualities after using on-shell relations in the momentum space, i.e., k i ·k i = 0 and k i ·ǫ i = 0 where ǫ i is the polarization of the fields. The Ricci and scalar curvatures as well as the divergence of the form-field strengths produce terms which have k i ·k i and k i ·ǫ i in the momentum space. So using the on-shell relations means the corrections that we have found are off by the couplings involving the Ricci and scalar curvatures as well as the divergence of the formfield strengths. On the other hand, these couplings can be absorbed into the supergravity at order α ′0 by field redefinition [11] . Therefore, the couplings should be valid up to field redefinitions.
We have seen that the couplings with structure F (1) F (1) RR in (22) which are coming from the T-duality of the couplings with structure F (2) F (2) RR in (21) , and the couplings with structure φφRR in (25) which are coming from the ten-dimensional action (15), combine together to form the S-duality invariant action (24) . This indicates that there is no other φφRR couplings than those in the ten-dimensional action (15) . This invalidates the interpretation in [22] which considers the Lagrangian L to be eight-dimensional and adds some dilaton couplings to extend it to the ten-dimensional Lagrangian. The action (15) in the string frame has no dilaton other than the overall factor e −2φ 0 . We expect similar thing happens for all other couplings.
In the string frame, we have found all couplings involving the R-R field strengths, except the couplings of four R-R five-form field strengths. These couplings which are invariant under the S-duality are related by the T-duality to the couplings of four R-R four-form field strengths which have been found in section 5. The T-duality of latter couplings gives couplings with structure F
y . There is no other constraint. In this case, however, there is no unique way to complete the y-indices. One way to find the
couplings is to consider all possible contractions of the five-forms and to choose an unknown coefficient for each of them. Then one can find some relations between the coefficients by using the dimensional reduction on the couplings and comparing the result with the above F terms. Using the Bianchi identity, the on-shell relations and the constraint that the S-matrix should have no term with zero or one Mandelstam variable [19, 61] , one may be able to fix all the coefficients, as we have done in section 5. It would be interesting to perform this calculation.
We have found the R-R couplings by requiring the compatibility of the NS-NS couplings (15) with S-duality and T-duality. These couplings can be compared with the direct onshell string theory calculations. One may confirm these couplings by direct sphere-level S-matrix calculations in the RNS formalism. In type IIB theory, the couplings at spherelevel and one-loop level are identical up to the overall dilaton factor. So one can compare the couplings in type IIB theory with the one-loop calculations which have be done in [59] for the couplings of two R-R field strengths and two Riemann curvatures. The R-R couplings in both type IIA and IIB superstring theories, have been also found in [62] using the pure-spinor formalism. The results are in terms of the trace of the Gamma-matrices so one needs a symbolic program like [63] for manipulating the Gamma-matrices to find the explicit form of the couplings. It would be interesting to compare the explicit couplings in the present paper with the results in [59, 62] .
We have extended the action (15) to be invariant under sequence of S-duality and Tduality, up to on-shell relations. To implement the on-shell relations, one has to use the conservation of momentum in the momentum space or has to use the integration by parts in the spacetime. Therefore, the Lagrangian has three parts. One part contains the couplings that involve the Riemann curvatures and the derivative of the form-field strengths that we have found in this paper. Another part contains couplings which involve the Ricci and scalar curvatures as well as the divergence of the form-field strengths. This part which may also be invariant under S-duality and T-duality, can be absorbed into the supergravity at order α ′0 . The last part contains total derivative terms. This part which has no effect in the action, can not be invariant under the T-duality and the S-duality because the T-duality transforms the curvature to derivative of H, the S-duality changes the derivative of H to the derivative of the R-R three-form field strength, and another T-duality transforms this to the other R-R field strengths. So the invariant terms must have only derivative of field strengths. So the total derivative terms can not be invariant under the T-and S-dualities. However, one may expect the Lagrangian itself to be invariant under these dualities. In this case, one should find a Lagrangian which is invariant under the S-duality and T-duality without using the conservation of momentum.
It has been observed in [22] that the Lagrangian L in (15) is invariant under the linear Tduality without using any the conservation of momentum. Our present calculation however indicates that the Lagrangian L is not consistent with the S-duality and the T-duality without using conservation of momentum and the on-shell relations. That may indicate that the Lagrangian L in (15) contains another set of Riemann curvatures which is zero on-shell. For example, the following set of couplings has non-vanishing contribution at four gravitons level but is zero on-shell: 12R hkmn R hprs R kqrs R pqmn − 96R hmkn R mpnq R hrps R krqs − 24R hmnp R kmnp R hrqs R krqs +24R hmkn R mpnq R hrks R prqs + 48R hnkm R mpnq R hrps R ksqr + 3R hkmn R mnpq R pqrs R rshk
At the four gravitons level, the above couplings are identical to the Ricci and scalar curvatures. This is not true, however, at five and more gravitons levels. The consistency of the Lagrangian with S-duality and T-duality may require adding the above couplings to the Lagrangian L in (15) . It would be interesting to perform this calculation to find a Lagrangian density which would be invariant under sequence of S-duality and T-duality without using integration by parts.
Appendix: F 
HR
In this appendix we are going to find F (2) F (4) RH couplings from the couplings (20) . To this end, we first use dimensional reduction on the couplings (20) to find the couplings with structure F (3) y F (3) RR y . Under the linear T-duality, they transforms to the couplings with structure F (2) F
y RH y . Inspired by these couplings one can find the couplings F (2) F (4) RH in which the R-R four-forms are contracted with H. Using the Bianchi identity, one finds that there are two couplings in which the R-R four-form is not contracted with H. Adding these two terms with unknown coefficient, one finds the following couplings: Using the observation that S-matrix does not produce couplings with zero and one k i ·k j , one can find the unknown constants to be a1 = 4 and a2 = −1.
